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A statistical method was developed to test the validity of the single-hit Poisson model in limiting
dilution assays used to determine immunocompetent cell frequencies. Principles of bioassay, validity tests,
and the distinction between model-discrimination experiments and parameter-estimation assays are
reviewed in the Introduction. The new test derived and then demonstrated with previously published data
is intended to be used for parameter-estimation assays based upon the single-hit Poisson model. It is a
family of related x2. t. and F tests for deviations from zero of the slopes of weighted least squares
regression plots. These plots regress the logarithms of single-dose estimates .1, of the frequency 4t on the
total cell doses A, andf, on the total cell dose reciprocals 1/A,, that is, Y1 = lnf, on X, = A and Y, = f1 on

= 1/A,. The test discriminates against alternative models with multiple-hit/target response-generation
processes, a variable number dose-dependent of false negatives, and a constant number dose-indepen
dent of false positives. Its purpose as a test for parameter-estimation assays. though, is to detect
deviations from the single-hit Poisson model and not to select one of these alternative models. Tests for
model-discrimination experiments to select or ‘prove’ an unknown alternative model are considered in
light of relevant literature reviewed in the Discussion.
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Introduction

To analyze data from limiting dilution assays LDA used to determine immuno
competent cell IC frequencies, it is necessary to assume one of many possible
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models for the generation of a positive immune response Taswell. 1981. Since its
proposal by Greenwood and Yule in 1917. the single-hit Poisson model SHPM
remains the most popular model enabling the simplest calculation and interpretation
of frequency estimates. The SHPM assumes 2 fundamental hypotheses: 1 the
single-hit hypothesis for the generation of a positive response, and 2 the Poisson
distribution hypothesis for the sampling of cells aliquoted to replicate cultures.
These hypotheses lead to the equation

P,=e’’ 1

for the SHPM where 4 is the IC frequency, A, is the assumed mean number of total
cells for the ith dose-group of replicate cultures, and P1 is the probability of a
negative response for the ith dose-group. The SHPM is used to estimate only the
unknown parameter . It is thus a single-parameter single-term model.

More complicated alternative multiple-parameter multiple-term models possess
parameters other than 4 and/or additional terms other than the simple exponential
of the SHPM. In the presence of these additional parameters and/or terms, it is less
certain that the statistical parameter 4 represents the biological IC frequency that it
is intended to represent. To avoid misrepresentation of results due to this uncer
tainty, it is necessary to state clear definitions of the model used and frequency
estimated. Different models and model-dependent estimators require different defi
nitions of ‘frequencies’ and produce different estimates of these ‘frequencies’.
Differences between these estimates may be statistically significant. It is therefore
important to distinguish procedures to determine an appropriate model for an
unknown culture system from procedures to determine a well-defined frequency with
a known culture system.

As explained by Fazekas de St.Groth 1982, alternative models ‘are conceivable,
and experiments can be devised which will distinguish between them. But these are
experiments and not assays. Assays exploit an already established and presumably
correct model.’ According to Finney 1949, ‘before an assay is performed, there
should be strong reasons for believing in its... validity... The validity tests should
then be regarded as a confirmation that no abnormal behavior of the subjects or
other disturbance from unknown causes upset either the fundamental or the statisti
cal validity of the assay, and not as a demonstration of the validity of a particular set
of assumptions peculiar to one assay.’ Crediting Finney for many of the ideas, Jerne
and Wood 1949 defined ‘the fundamental validity of the assay and the statistical
validity of the computations which follow it’ with a list of 10 essential assumptions
that must be demonstrated to insure validity of results. They concluded that
‘bio-assay depends entirely upon biological research. So long as knowledge of the
biological and biochemical mechanisms underlying the assay data is incomplete,
bio-assay results will always be subject to errors which cannot be included in the
statements of fiducial limits.’

IC frequency investigations should therefore be conducted in 2 stages: I model
discrimination experiments and data analysis to choose the model and define the
IC frequency, and II parameter estimation assays and data analysis to estimate
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the defined IC frequency according to the chosen model. Stage I experiments should
characterize an unknown culture system, ideally by direct measurement of error in
laboratory procedures and direct demonstration of mechanisms in biological
processes rather than indirect inference from the numbers of positively and nega
tively responding cultures. Characteristics that should be investigated include cell-
count error Chamberlain and Turner, 1952; Sharp et al., 1952; Dews et aL, 1954;
Turner and Eadie, 1957, dilution error Jennison and Wadsworth, 1940; Hedges,
1967, nuniber and type of cells usually called the hit and target numbers needed to
generate a response Groves et al., 1970; Miller et al., 1977; Lefkovits and Wald
mann, 1979, variation in ability of cells to generate a response or of cultures to
sustain a response or of time to response Fazekas de St.Groth and Moran, 1955;
Meynell, 1957; Gart, 1965; Shortley and Wilkins, 1965. and positive/negative
response-discrimination error and background levels Ashford and Smith. 1965;
Groves et al., 1970; Halsall and Makinodan, 1974; Miller et al,, 1977; Ryser and
MacDonald, 1979; len et al., 1982; Wilson et al.. 1982; Good et al., 1983. After
these Stage I experiments, Stage II assays should be performed with validity tests
used to screen against departures from the expected norm, thus enabling faulty
assays to be discarded and replaced Finney, 1965.

Often in practice, however, the investigator prefers to use the same laboratory
procedure as both a Stage I experiment and a Stage TI assay and to analyze the same
data for both selection of the model and estimation of the frequency. In this regard,
a validity test becomes a Stage I model-discrimination test rather than a Stage II
parameter-estimation assay-screening test, and therefore violates the principles of
bioassay validity tests enunciated by Finney 1949, 1965, Jerne and Wood 1949,
and Fazekas de StGroth 1982. Nevertheless, validity testing whether for model-
discrimination or assay-screening purposes should always logically precede the final
estimation of the parameter. This tenet rests upon 2 more basic principles: the
mathematical fact that all alternative models ‘can be ‘embedded’ within one general
formula by use of enough parameters’ and the notion of ‘achieving parsimonious use
of parameters’ Finney, 1965. Validity tests should thus consist of methods to
estimate all parameters of the general model and determine whether they are
significantly different from zero. Methods for the final recalculation of estimates
should then incorporate a model with the smallest number of nonzero parameters.
For a strict analytical dilution assay, this number must equal 1 Finney, 1965, which
implies the SHPM for the simplest case of determining IC frequencies by quantal
response assays.

As in the previous 2 articles of this series, I present statistical methods for the
SHPM only. I assume that experiments have established that the SHPM applies to
assays with a known characterized culture system. Thus, the validity tests described
here are designed as and should be construed as Stage II assay-screening tests to
detect deviations from the SHPM and not as Stage I model-discrimination tests to
select one of many possible alternative models although some of the tests do
provide indications of dose-response effects consistent with certain models. Accord
ing to classical statistics, a hypothesis test should possess several important basic
attributes. It should test all aspects of the hypothesis and discriminate sensitively
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against alternative hypotheses. It should be efficient or powerful compared to other
tests. Its statistic should observe a known distribution, enabling the calculation of P
values for the level of significance or probability of false rejection of the null
hypothesis. The test statistic could also be represented by a convenient graph not
necessary but desired by some investigators. In this article, 1 present and demon
strate the use of a family of related validity tests for the SHPM that possesses these
attributes.

Materials and Methods

Weighted least squares
Consider the weighted regression of Y, on X for the linear model

Y,a+/JAç 2

with weights w, = 1/a2}ç where o2 is the variance. Then a 95% confidence interval
for each Y, is given by 95% CIY, = 1 – 1.96/j,. Define the weighted means

= ZnY,/In and X = IX,/X with sums over i for I / k where k is the
number of dose-groups. Define the deviations from the sample means y, = Y -

and x, = X1 - X,. Then estimates for the slope /3, its variance 02/3, and the
intercept a are given by

b = W,x1y,/isx, 3

s2b = [!W1y,2 - bEW1x,y,]/[k - 2EW,x7j 4

a=Y-bX 5

with the test statistics

X2b2’W1x,Y1 6

t=b/sb 7

F=t2 8

observing the x2 distribution with 1 degree of freedom df, the t distribution with
k - 2 df, and the F distribution with 1, k - 2 df for the null hypothesis that /3 = 0.
See Remington and Schork 1970, Meyer 1975, and Snedecor and Cochran 1980
for convenient tables of the x2 and F distributions. Consult Draper and Smith
1966 and Seber 1977 for further details on linear regression analysis.

Explanation of terminology
Any validity test of a dose-response model requires data from a multiple-dose

assay with at least 2 dose-groups. For the purpose of classifying validity tests, define
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an ‘estimate’ as any estimate calculated subject to the constraints of multiple-dose
data. According to this definition, multiple-dose estimates fMc’ JML’ and fwM
Taswell, 1981 are ‘estimates’; single-dose estimates f, Taswell, 1981 are data
points and not ‘estimates’. Then an estimate-independent test requires only the data
A,. r,, nil / an estimate-dependent test requires both the data A1, r,,

/ k } and a multiple-dose estimate f calculated by any estimation method
prior to the validity test. As usual, , and n, are respectively the number of negatively
responding cultures and the number of replicate cultures for the ith dose-group.

Estimate-independent tests of the SHPM
Set l=lnf,, X,=A,, and

tt=n,p,lnp,2/1 -Pt 9

where p, = r,/n, is the observed fraction of negatively responding cultures and

f= -lnp1/A, 10

is the i th single-dose estimate of 4. Perform weighted least squares regression and
calculate the x2 statistic x the t statistic t1, and the F statistic F1 for the slope $
under the null hypothesis that $ = 0. Negative values for b1 and t1 with a significant
P value from the lower-tailed s test suggest the presence of a dose-response effect
consistent with a variable number dependent on A, of false negatives. Positive
values for b1 and t1 with a significant P value from the upper-tailed t test suggest the
presence of a dose-response effect consistent with a multiple-hit and/or multiple-
target response-generation process. Repeat the above analysis except now regress
Y, =f on X, = 1/A, with weights

w, =n,p,A/1 -p, ii

and calculate the x2 statistic x the t statistic t2, and the F statistic F2 for the slope
$2 under the null hypothesis that $2 = 0. Positive values for b2 and t2 with a
significant P value from the upper-tailed t test suggest the presence of a dose-re
sponse effect consistent with a constant number independent of A, of false
positives. Significant P values foi the x2 and F tests suggest the presence of one or
more phenomena not consistent with the SHPM. See the Appendix for notes on the
derivation of these tests.

Estimate-dependent tests of the SHPM
Calculate any multiple-dose estimate f such as fMc. fML’ or fwM of the IC

frequency 4. Set

P, = e" 12

and substitute P1 for p1 in equations 9 and 11 for the weights W1. Calculate all
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statistics as above for the estimate-independent tests. Identify the estimate-depen
dent statistics by the estimate used, for example, 12JML. Perform iterative tests by
repeating this procedure cyclically, each time using the estimatef = expa1 for x.
t, and F1 and the estimate f= a2 for x 2, and F2 from the previous cycle of
regression until If÷ -fD/f* <C where j is the cycle index and say c = iO.
Identify these iterative estimates and estimate-dependent statistics by f* and the
regression model index 1 or 2, for example. t1f’. With P1 as in equation 12 for
some multiple-dose estimatef, calculate

xf = Xr, - nP2/[n.P1 - 13

where xf is a x2 statistic with Ic - 1 c/f. See Taswell 1981 for the derivation of
this test.

Results

Data from LDA were validity tested by calculating a family of related x2 1, and
F statistics equations 6, 7, and 8 for the slope parameter /3 from the weighted least
squares regression Models 1 and 2,

lnf,=a+/31X, 14

15

to determine whether /3 and $2 differed significantly from zero. The standard x2
goodness-of-fit test equation 13 was also performed for comparison. Table I
presents data adapted from Fig. 1 of Taswell et aL, 1979 from LDA for determina
tions of cytolytic T lymphocyte precursor CTL-P frequencies in normal murine
spleen and thymus cell populations CS7BL/6 responding cells cultured with

TABLE I

DATA FROM LDA FOR THE DETERMINATION OF MURINE CTL-P FREQUENCIES

Dataset I A1 r1/n, p, J,X104
Spleen 1

2
3

250
500
750

17/24
13/24
6/24

0.708
0542
0.250

13.79
12.26
18.48

Thymus 1
2
3
4
5

100
500

1000
1 500
2000

32/33
28/33
24/33
21/33
24/33

0.970
0.848
0.727
0.636
0.424

3.08
3.29
3.19
3.01
4.29
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TABLE II

VALIDITY TEST STATISTICS FOR DATA FROM TABLE I

Statistic
name

Test Degrees of
freedom

Statistic

Spleen

value

Thymus

P value

Spleen Thymus

x Upper-tailed x2 1 0.67 0.56 0.4 -0.45 0.45 -0.5
xUi . 0.54 0.41 0.45-0.5 0.5 -0.55
x Upper-tailed x2 1 0.19 0.04 0.65-0.7 0.8 -0.85
xfi* 0.25 0.07 0.6 -0,65 0.75-0.8
t1 Upper-tailed I k -2 1.18 1.75 0.32 0.09
t1,fj’ 1.17 1.63 0.32 0.10
t Lower-tailedt k -2 1.18 1.75 0.78 0.91
t1f’ 1.17 1.63 0.78 0.90
2 Upper-tailedt k -2 -0.46 -0.36 0.64 0.63
t2fj’ -0.62 -0.45 0.67 0.66
F1 Upper-tailed F 1. k -2 1.40 3.05 > 0.25 0.1-0.25
F1fr 1.37 2.65 >0.25 0.1-0.25
F Upper-tailed F 1, k -2 0.21 0.13 > 0.25 >0.25
F2ffl 0.39 0.20 > 0.25 0.25
xfMc Upper-tailed2 k-i 1.12 1.08 0.55-0.6 0.85-0.9

DBA/2 stimulating cells and assayed against P815 target cells. Table II presents
validity test statistics and their P values for the spleen and thymus data from Table
I. The accuracy of the P values reflects the level of accuracy of tables in readily
available texts such as those mentioned in the Materials and Methods. The P values
for the estimate-independent and estimate-dependent versions of each statistic pair
were not appreciably different. t1 and t1f with upper-tail P values of 0.09 and
010 for the thymus data were the statistic pair closest to being significant for
deviations from the SHPM. Table HI presents frequency estimates for the spleen
and thymus data from Table I. Since the SHPM was not rejected Table II, the
assay and results were considered valid. By Finney’s 1965 ‘parsimony of parame
ters’ principle, the final estimate to be reported should be any of the estimates JMC’
JML’ orfWM derived from the single-parameter SHPM and notf orfr derived from
the multiple-parameter regression Models I and 2 equations 14 and 15.

TABLE tIl

FREQUENCY ESTIMATES FOR DATA FROM TABLE I

Estimate
name

Estimate value x io
Spleen Thymus

f*
12

!WM

JMI

JMC
95% CIfNK

9.93
18.32
14.47
15.01
14.92
9.79-20.06

2.64
3.63
3.42
3.51
3.51
2.48-4.55
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Discussion

Historically, articles on LDA have been published in the fields of public hygiene
and civil engineering 1908 -20’s, bacteriology 1930’s-40’s. virology 1950’s-60’s,
and most recently, immunology 1970’s-present. The first validity test for the
SHPM was published by Stein in 1922. Since then, many others have been derived
including those by Moran 1954a, b, 1958, Armitage and Spicer 1956. Stevens
1958, Armitage 1959, and Armitage and Bartsch 1960. As stated by Fazekas de
St.Groth 1982. ‘immunologists, though, still hold the monopoly on managing to
ignore these developments and treating their data in a fashion that is both inefficient
and misleading.’ Since most imrnunologists are now aware of and using efficient
estimators, his statement no longer applies to the estimation of frequencies. Unfor
tunately, since immunologists are not yet using sensitive validity tests, his statement
continues to apply to validity testing of the SHPM.

As a validity test for the SHPM, Taswell et al. 1979 used estimates of the
coefficient of determination r2 and Y-axis intercept a from the unweighted least
squares regression plot of Y = ln p, on X, = A,. Although this test accounts for both
aspects of the SHPM a line through the origin, it is not efficient because it is not
weighted. Good et al. 1983 used efficient methods to estimate the intercept of a line
from the same plot 1’, = ln p, on X, = A, without providing any means for checking
the linearity. Since many nonlinear curves can pass through or near the origin, a test
based on the intercept alone is not only statistically insensitive but also logically
insufficient. Even if efficient estimators are used to check both the linearity and
intercept of a curve from the plot of iç = ln p, on X, = A1, it does not necessarily
follow that the parameters from this plot constitute an efficient validity test. Gart
and Weiss 1967 have already proved, however, that the z test for deviations from
zero of the slope $ of the weighted least squares regression line from a modified
Weibull plot see the Appendix provides an asymptotically and locally fully
efficient validity test for the SHPM. I have algebraically transformed Gart and
Weiss’ 1967 plot to a version with a more convenient notation and interpretation
for the Y-axis coordinates, and changed the z test to a family of related x2 t. and F
tests to avoid the approximation assumed by the z test. I have also derived an
analogous plot to discriminate against an alternative not considered by them see the
Appendix. Thus, under conditions where the SHPM applies, the slope /3 and its x2,
t, and F statistics should equal zero for weighted least squares regression plots of
= ln f, on X, = A, Model 1, equation 14 and of Y =f, on X, = 1/A1 Model 2,

equation 15. This family of validity tests for the SHPM possesses all of the
attributes mentioned in the Introduction.

In particular, the x2 and F tests detect the presence of any phenomena not
consistent with the SHPM; the t tests suggest what these deviations may be. They
can indicate dose-response effects consistent with each of the following phenomena:
multiple-hit/target response-generation processes, a variable number dose-depen
dent of false negatives, and a constant number dose-independent of false positives.
It should be recalled, however, that these tests are designed as Stage II assay-screen
ing tests and not as Stage I model-discrimination tests see the Introduction. Their
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purpose is to detect any deviations from the SHPM occurring on rare occasions for
assays with a known culture system where the SHPM is assumed to apply most of
the time. They are not intended to bc used to select one of many possible alternative
models for experiments with an unknown culture system. For investigators without
recourse to direct biological methods and who therefore resort to indirect statistical
model-discrimination tests. the validity tests presented here may not suffice. Thcy
are similar to the methods used by Byar et al. 1974 in their work with an
exponential model for cancer patient survival times and to those presented by
Andrew’s 1971 for the sequential design of ‘experiments for screening out bad
models with F tests’. However, more sophisticated approaches may be necessary
such as the methods used by Farewell and Prentice 1977 and Dcshpande 1983 for
discriminating between different models for survival time medical literature and
failure time industrial literature problems as well as the general theory presented
by Atkinson and Fedorov 1975 for optimizing experimental designs sequentially
when discriminating between several models.

Although model-discrimination experimental design theory has not yet been
published for the problem of determining IC frequencies by LDA, parameter-esti
mation assay design theory has been extensively investigated. An optimal dose was
recommended for the first time by Stein in 1919. Fisher 1928 calculated it to be
= 1.6/ P, = 0.20. Subsequently, he 1935 and Bartlett 1935 plotted what

came to be called the Fisher information I as a function of the dose. Since then,
Fisher’s results have also been obtained by at least a dozen other authors including
Fazekas de St.Groth 1982 who plotted I equal to w as in equation 9 with p1
replaced by P, as a function of both the dose and the negative response probability.
And most recently. Taswell 1984 calculated optimal doses as a function of prior
distributions assumed to represent advance knowledge about the IC frequency
obtained from previous assays in a sequence.

If experimental design is also optimized for model discrimination, then this work
could be patterned after that done by Chambers and Cox 1967 for discriminating
between logistic and integrated normal models used in quantal response assays.
Assuming that the optimal design for model discrimination differs from that for
parameter estimation as is likely to be the case * it would then he necessary to
derive a criterion by which the optimal design could be shifted in a sequential
analysis from one emphasizing model discrimination to one emphasizing parameter
estimation Hill et al.. 1968: Borth, 1975. Whereas this research may interest
theorizing statisticians, it may not be of any use to practicing immunologists.
Ramsey and Chesher 1976 discussed ‘whether the differences between the models
are sufficiently large relative to the variance of the disturbance term to warrant
efforts to discriminate between the models.’ Chambers and Cox 1967 reported that

* For example, a simple approach to the model-discrimination question of whether T see the Appendix
equals zero is to determine r1 ror very large n at A1 = 0 Chen et al,, 1982; Wilson et al,, 1982, But at
A1 0, p 1 and w, 0, Thus, a design optimal for one of the aspects of the model-discrimination
problem is far from optimal in fact, almost useless for the parameter-estimation problem.
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‘approximately 1000 observations are necessary for even modest sensitivity’ when
discriminating between the models they investigated. In reviewing this statistical
literature, it is important to keep in mind that differences between systems do exist
in the real world if not in the idealized mathematical world of equivalent models.
Counting the number of equipment failures or patient deaths for varying time
intervals is relatively error free compared to counting the number of negatively
responding cultures for varying cell doses. Whereas it may be possible to dis
criminate between models for failure and survival times, it may not be possible to
discriminate between all models for LDA used to estimate IC frequencies due to the
limitations of bioassay as discussed in the Introduction.

Inability to discriminate between models, though, does not mean that none of
them apply to the assay or that the quantitative approach to biology should he
abandoned or misused if used at all. Indeed, if models more complicated than the
511PM cannot be rejected by appropriate validity tests and are used to estimate
‘frequencies’, then these frequencies should be named according to the model used,
for example, a ‘multiple-hit frequency’ or a ‘constant-false-positive frequency’. But if
the SFIPM also cannot be rejected, then by Finney’s 1965 ‘parsimony of parame
ters’ principle the SHPM should be used to estimate the IC frequency which then
implies that the estimators fMc or fML should be used. Since the family of related

t, and F tests presented in this article constitutes the simplest, most convenient,
yet fully efficient validity test for the SHPM, it should he used in preference to other
tests especially those that discriminate against only one alternative model. Other
validity tests currently available and of use to immunologists include the likelihood
ratio test derived by Cox 1962 with its computer program implementation written
by Thomas 1972 and the x2 goodness-of-fit test derived by Yarchoan et al. 1983,
both for discriminating between the double-hit and single-hit Poisson models.

Regardless of the validity test used, decisions should be based on the values of
test statistics and not appearances of graphs. The apparent slope of a regression line
can he increased or decreased by adjusting the scales of the axes. Test statistics,
their P values, and confidence intervals for frequency estimates should he reported
numerically. Unless at least an order of magnitude different, 2 frequency estimates
that are compared but reported without confidence intervals must be assumed to be
the same. These estimates should be reported as their true values and not as their
reciprocal values especially when making comparisons. Most people think in terms
of linear and not hyperbolic scales. Reporting results in a table as a column of
reciprocals misleads those of us who are not adept at making hyperbolic compari
sons. For those who prefer reciprocals for the sake of appreciation, there are 2
possibly appropriate places to report them: 1 in a figure in association with a line
representing a frequency estimate in a traditional plot of Y1 = ln p on X, = A,, and
2 in the text in association with the true value, for example, ‘fMc = 2>< iO
= 1/500 with a 95% Cl from 1>< iO = 1/1000 to 3 >< i0 = 1/333.’ In
general, immunologists maintain high standards for reporting biological materials
and laboratory procedures. Without such detailed reporting, experiments could not
be repeated or further developed by the scientific community. Immunologists should
also maintain high standards for reporting statistical methods and numerical results.
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Again, without such detailed reporting. experiments should not be interpreted or
accepted by the scientific community.

Appendix

When translated into the notation of this article, the modified Weibuil plot
derived by Gart and Weiss 1967 regresses Y = In - in p, - in X, on X = X,. Since

In-lnp,-lnX1=ln-lnp,/X,=Inf,

the modified Weibuli plot can be further modified to a plot that regresses 1 = In f,
on X, = A1. Although this plot was originally designed by Gart and Weiss 1967 to
detect a variable number of false negatives, it also detects multiple-hit and/or
multiple-target response-generation processes. It was not designed to detect a
constant number of false positives. An analogous plot, however, can be derived in a
similar but much simpler manner. Let T be the mean number of IC present in each
replicate culture, not from the variable dose A1 of responding cells, but rather from
the constant dose of stimulating or filler cells. Then

P1 = e’" 16

-In F, qA, + T = A4 + T/’A1

ln-lnp,ln-lnP1=lnA,+ln4+T/A,

lnf=ln-lnp1/A1ln4+T/A1

17

18

and the plot regresses Y =j on X, = 1/A,.
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